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Abstract 
Ultrasonic Computed Tomography (USCT) is an imaging technique that has proven effective 
for soft-tissue characterization. The classical tomography procedures are adapted to broadband 
data acquired in scattering configurations under Born approximation for homogeneous media 
and far-field conditions, while the heterogeneous objects are probed by spherical waves in 
near-field conditions. An elliptical Fourier transform theory is then derived to solve the near-
field inverse problem in case of harmonic ellipsoidal waves. More recently, the use of USCT 
has been envisaged for bone imaging. In this field, the large variations of impedance distribu-
tion (high impedance contrast) require that the modelling of wave propagation be integrated 
into the reconstruction scheme. In that case, iterative inversion schemes are proposed. These 
various reconstruction procedures are validated against experiments and numerical simula-
tions. 
Keywords: Ultrasonic Computed Tomography, Inverse Born Approximation, Iterative Ap-
proximation, Full Waveform Imaging, Breast, Bones 
1 Introduction 
This paper presents the theoretical framework that enables to find specific responses, on the 
one hand, to the problem of soft tissue imaging (typically breast cancer detection) and, on the 
other hand, to the problem of bone characterization (typically osteoporosis, bone infection and 
cancer detection). The difficulties raised are somewhat different as in soft tissues the very 
small fluctuations to be quantified suffer from their very low values. This poor echogenic index 
generally induces low detection probability, for instance in the case of large diffuse masses. In 
addition, invasive lesions that must not be overlooked, may be of millimetric size. In bone 
imaging, the difficulties arise from the very high echogenic index of the bone that strongly 
alters the propagation of the ultrasonic waves. Solutions consist in optimally assessing these 
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non-linear effects in an iterative approach aiming at local linearization. In this paper, we de-
scribe a Ultrasonic Computed Tomography (USCT) method based on the use of the first-order 
inverse Born approximation (IBA) method, applied to the case of a homogeneous and constant 
background. The unknown object function, which is assumed to be weakly heterogeneous, is 
linearly related to the field measured via a spatial Fourier transform. The inverse problem is 
based on the filtered back-projection algorithm. However, such approaches are limited for 
breast inspection, in which the probe is either in contact with the skin or located within a near-
field distance when using a coupling device (water bag or water tank). In this case, an extension 
of the method is proposed via a tool called Elliptical Fourier transform [1]–[3]. Nevertheless, 
the first-order Born USCT has some limitations when dealing with highly-contrasted scatter-
ers. When the problem can be reduced to the study of a fluid-like cavity buried in an elastic 
cylinder surrounded by water, an extension of the IBA method can be proposed, taking into 
account physical phenomena such as wave refraction [4]. The first approach is purely experi-
mental and consists in performing reflection and transmission measurements, using an iterative 
correction procedure, which compensates for refraction effects arising at the boundary between 
bone and the surrounding tissues. The main limitation of the method is the heavy experimental 
costs involved (multiple iterative experiments). We have then suggested a numerical non-lin-
ear inversion algorithm, in which the minimization procedure between the full recorded and 
simulated data is performed using a Polak-Ribière conjugate-gradient method mainly devel-
oped in non-destructive testing domain, or an efficient quasi-Newton technique mainly devel-
oped in seismology (related to the full waveform inversion method). An overview of the per-
formances and the limitations of these tomography methods applied to breast and bone 
imaging problems are presented and discussed. 
2 USCT Formulation 
2.1 Physical background 
Ultrasonic Computed Tomography (USCT) applied to soft tissues has been studied in several 
publications [5]–[8], and the use of powerful computers makes it possible nowadays to intro-
duce more complex algorithms [1], [9]. Numerous experimental devices have been developed 
[10]–[12]. 
Let 𝐴 be the operator that describes the acoustic propagation or the scattering phenomena in 
the heterogeneous medium of interest (including boundary and/or Sommerfeld conditions). 
Let 𝑆 be the acoustic sources, which are assumed to be known. The variable 𝜑 denotes the 
resulting acoustic field, and satisfies the equation: 
Eq. 1: 𝐴𝜑 = 𝑆 
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Let us assume the medium to be composed of a known domain (the reference medium as the 
background) resulting in an operator 𝐴%, and an unknown domain (the object) resulting in an 
operator 𝐴′ such as: 
Eq. 2: 𝐴 = 𝐴% + 𝐴′ 
Assuming that 𝜑% , the solution of the unperturbed problem, is known: 
Eq. 3: 𝐴%𝜑% = 𝑆 
Let 𝜑′ be the difference between 𝜑 and 𝜑%, that is the field perturbation induced by the per-
turbation by the object of the reference medium. Therefore 𝜑′ is the solution of  
Eq. 4: 𝐴%	𝜑) = −𝐴′ 𝜑% + 	𝜑′  
If the Green function 𝐺0 of the unperturbed problem is given by 𝐺% = −𝐴%-., the Eq. 4 can be 
written: 
Eq. 5: 	𝜑) = 𝐺%	𝐴′ 𝜑% + 	𝜑′  
The latter equation is the Lippmann-Schwinger non-linear equation, and a solution can be 
found by using a perturbation scheme, based on successive linear approximations. The "Born 
series" is one of these schemes introducing different development orders. Within the first-order 
Born approximation, the field perturbation 𝜑′ is neglected in every internal point of the scat-
terer. The solution 𝜑.)  can be written: 
Eq. 6: 𝜑.) = 	𝐺%	𝐴′	𝜑%	 
In the frequency range (> 3 MHz) of USCT of weakly heterogeneous soft tissues, in first ap-
proximation the reference medium is considered to be constant, leading to an Inverse Born 
Approximation (IBA) method with a constant background. The final objective is to obtain 
suitable images from scattered measurements 𝜑′ /, where the subscript m stands for meas-
urements. Rotating the transducers around the object and transmitting broadband pulses at each 
angular position can be handled using the same approach as in X-ray tomography. This pro-
vides a slice-by-slice spectral coverage of the object spectrum (2-D-spatial Fourier trans-
form,	𝐹12): 
Eq. 7: 𝐴) = 	 𝐹12-. 	 𝜑′ / 
where 𝐹2𝐷−1  denotes the inverse two-dimensional spatial Fourier transform. The first recon-
struction method was then performed using a classical algorithm of the summation of filtered 
back-projections [1], [13], [14]. This IBA formulation assumes a far-field propagation hypoth-
esis, but often the object to be inspected is excited in a near-field region by a spherical wave 
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(harmonic ellipsoidal waves). The functions of domain decomposition then have as spatial 
support an ellipse whose foci are the position of the transducers. This decomposition has been 
called the Elliptic Fourier Transform [2]. 
The expression of the diffracted field 𝜑' depends on the transfer function of the medium, the 
wave number k, and the diffraction angle. Depending on the fluid or elastic configuration, the 
transfer function, denoted 𝐻 𝜃, 𝜔 , can be written: 
- for fluid modeling 
Eq. 8: 𝐻 𝜃, 𝜔 = 	𝑘%1 𝛾< + 	𝛾=𝑐𝑜𝑠𝜃 𝐾 = 	−	𝑘%1 𝛾B 1 − 𝑐𝑜𝑠𝜃 +	𝛾C(1 + 𝑐𝑜𝑠𝜃) 𝐾  ; 
Eq. 9: 𝛾< = <-<FGF  ; 𝛾= = =-=F=  ; 𝛾B = 𝑙𝑜𝑔 BBF  ; 𝛾C = CJ-CFJCJ  ; 
- for elastic modeling 
Eq. 10: 𝐻 𝜃, 𝜔 = 	−𝑘%1 𝛾K − 	𝛾L𝑐𝑜𝑠𝜃 + 2𝛾=𝑐𝑜𝑠𝜃 𝐾  ; 
Eq. 11: 𝛾K = MKFN1LF 	 , 𝛾L = OKFN1LF ; 
Eq. 12: 𝐾 = 𝑘 𝑛%	 − 	𝑛 	; 𝑐𝑜𝑠𝜃 = 	𝑛%	. 𝑛 ; with χ	is the compressibility, 𝜌 is the density, 𝑍	is the impedance, 𝑐 is the compressional speed 
of sound, and 𝜆, 𝜇, are the Lamé coefficients. 𝛾 stands for the 2D elliptical Fourier transform of the 
parameter 𝛾. The subscript "0" represents the parameters related to the background medium. 𝑛0	 
and 𝑛 are the normal vectors in the incidence direction and in the observed direction (𝜃 is the 
diffraction angle). These equations involve the acoustic parameters offering distinct directivity 
patterns that can be separated according to spatial scanning performed: transmission (𝜃 = 0°), 
reflection (𝜃 = 180°) and diffraction (∀𝜃). 
2.2 From soft to hard tissue modeling  
With hard biological tissues, such as bones, having larger acoustic impedances than those of 
the surrounding medium, the weak scattering assumption is no longer realistic. Indeed, the 
path of the transmitted wave changes from its initial course because of refraction. This results 
in the propagation of more complex waves, such as those occurring in elastic volumes (com-
pressional and shear waves). The weak scattering hypothesis is therefore not realistic. 
Provided some assumptions, the application of USCT can be extended to bone imaging. If the 
object to be imaged can be modeled by a set of concentric isotropic homogeneous noncircular 
fluid-like media representing the homogenized surrounding tissues, bone and marrow, only 
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compressional waves are taken into account. Using low frequency transducers (< 3 MHz), the 
wavelength of the compressional wave (propagating at velocities ranging between 2000 and 
4000 m.s-1) in the cortical bone is typically greater than 1 mm, which remains much larger than 
the typical size of bone microstructures. Therefore, the cortical shell of the bone can be intrin-
sically seen as a weakly heterogeneous medium, and ultrasonic wave propagation will be min-
imally disturbed. Thus, the Born approximation is satisfied in this area. The IBA method with 
a variable background can be used; the background being the set consisting of the homogene-
ous solid cylinder and the homogeneous fluid surrounding medium. The solution 𝜑.)  can be 
then written: 
Eq. 13: 𝜑.) = 	𝐺]	𝐴′	𝜑^ 
where 𝐺] is the suitable Green function of the variable background. 	𝜑^ and 	𝐴^ are respec-
tively the corresponding field and the corresponding operator such as: 
Eq. 14: 𝐴𝑏𝜑𝑏 = 𝑆 and 𝐴𝑏𝐺𝑏 = 𝐼 
where I is the identity operator. The strategy can be applied iteratively: 
Eq. 15: 𝜑a) = 	𝐺a^-.	𝐴a) 𝜑a^-. 
where 𝐺𝑏𝑛 is the inhomogeneous Green function of the variable background adapted for every 
iteration step n. This non-linear inversion scheme is called Compound USCT, and the recon-
struction algorithm is therefore the same as the previous classical one. The solutions are itera-
tively determined using Eq. 7. Experimentally, this approach was adapted to bone sample con-
sidered as a tube-like sample. The refraction effects are cancelled using a specific set-up in 
order to impose straight ray propagation inside the shell of the tube/bone [4]. Despite limita-
tions due to heavy data processing requirements and complex acoustic signals resulting from 
multiple physical effects involved (various paths into the shell, roughness of the water/bone 
interfaces etc…), this approach gives images that are quantitatively related to the compres-
sional wave velocities in a cross-section of a cortical shell, and the error remains within rea-
sonable limits (about 7%). 
A second non-linear inversion method was investigated. In this case, the medium is modeled 
without any a priori knowledge by performing a simple geometrical discretization of the ob-
ject. The algorithm involves successive linearizations of the Lippmann-Schwinger representa-
tion. The initial guess in the iterative process is provided by the first-order Born approximation. 
If the solution is known with the order (n-1), the n-order solution 𝐴𝑛′  will satisfy: 
Eq. 16: 𝜑′ / − 𝜑a-.) = 	𝐺a^-.	 𝐴a) − 𝐴a-.) 𝜑a^-. 
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At each iteration, the algorithm numerically solves a forward diffraction problem in order to 
calculate the appropriate inhomogeneous Green function 𝐺𝑏𝑛−1 and the internal field 𝜑𝑏𝑛−1. 
Contrary to what occurs with the Compound USCT, this method requires only one series of 
experimental data, and involves the inversion of a huge, full and complex matrix. The matrix 
inversion procedure is the key point in this method. A mean-square solution can be calculated 
using a conjugate-gradient method associated with a regularization procedure. Our first ap-
proach is iterative, and the inversion procedure is carried out frequency by frequency from the 
sinogram in the frequency domain. The stability of the algorithm is improved using a Tikhonov 
regularization process. The minimization of the cost function (the difference between recorded 
and simulated waveforms) is computed using the Polak-Ribière conjugate gradient process. 
The detail of the algorithm is presented in [15], [16] for a numerical and experimental aca-
demic targets, and in [17] for a real lamb shoulder bone. To make use of the broadband fre-
quency content of the impulse signal used, the idea is to begin with the low frequencies, which 
carry overall information, and to gradually inject the high frequencies to simultaneously im-
prove both the qualitative aspects (the resolution) and the quantitative aspects (the characteri-
zation). However, this technique is computationally time consuming. The second proposed 
method consists in resorting to the more advanced Full Waveform Inversion (FWI) techniques 
that are at the forefront in the field of geophysics [18], [19]. The term "full" refers to the use 
of the full-time series. The aim is to simultaneously reconstruct the compression and shear 
waves in the bone without considering that the tissue density is spatially constant as in the 
previous method. Indeed, full waveform inversion is an imaging method that is based on full 
numerical modeling of wave propagation in the medium. The gradient of the cost function is 
obtained as the convolution product of the forward field with an adjoint field obtained by cal-
culating the propagation of the time-reversed residuals. In this iterative process, some artifacts 
can alter the quality of the reconstruction. In order to reduce these artifacts and ensure a co-
herent reconstruction of the parameters, different pre-conditioning or regularization techniques 
can be proposed. The minimization of the cost function that we use is based on the quasi-
Newton technique called Limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) 
[20], which is far more efficient in terms of convergence than conjugate-gradient techniques. 
The details of the algorithm are presented in [21]. 
3 Results 
The feasibility of these different algorithms was tested on data obtained using mechanical 
and electronical ultrasonic scanners, allowing diffraction-, reflection- and/or transmission-
mode measurements. 
3.1 Breast phantom imaging 
The breast training phantom CIRSTM Model 052A mimics the ultrasonic and anatomic char-
acteristics of tissues found in an average patient. The soft tissue mimicking phantom made of 
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ZerdineTM contains cystic and solid masses which appear respectively dark and bright on B-
mode (ultrasound sonography) and USCT images. B-mode images were made using a clinical 
ultrasound device, EsaoteTM AU5, with a 7-MHz linear probe. Near-field USCT images were 
made using the 1024-element electronical and mechanical scanner developed by our laboratory 
and presented in detail in [22]. Figure 1 shows, in the center, the USCT map of the analyzed 
phantom containing 5 dark masses and one bright mass. The two images on the side represent 
the B-mode images made of the areas of the phantom identified by the white rectangles. Dif-
ferences arise because the scanner performs an entire 2D circular scan (Ø = 30 cm, 720 reflec-
tion measurements) around the breast phantom whereas a unique position of the probe (one 
incident direction) is considered with the B-mode system. 
 
Figure 1: Imaging of the CIRSTM breast phantom. At the center, the USCT image (using the 
1024-element scanner built by our laboratory), and on the sides, two B-mode images 
(using 7-MHz EsaoteTM AU5 scanner) of the areas marked by the white rectangles. 
The inlaid picture shows the semi-circular 1024-element array used. Details can be 
found in [23] 
3.2 Bone qualitative imaging 
The USCT device, in this application, is a circular antenna having an internal radius of 150 
mm and equipped with 8 fixed 1-MHz transducers distributed over a 360 ° angle (Dqfixed = 45°) 
[24]. The validity of USCT was tested on artificial and fresh bone sample. As fresh sample, 
in-vitro experiments were conducted on a fibula from a 10-year old child, containing water in 
the inner cavity. The mean cross-section of the bone was 17 ± 2 mm and that of the inner cavity 
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was 6 ± 2 mm. Figure 2 shows the USCT map (255 x 255 pixels) of the fibula. On the image, 
the outer and inner boundaries (i.e. the marrow area) were defined from image processing 
using an active contour method (Snake algorithm). If the outer contour is well defined, the 
resolution for the inner boundary is poor. The active contour method corrects its calculation 
by successive apodisations. This results in a smoothing of the boundary, which does not rep-
resent the actual bone area. 
A human bone mimicking phantom (Sawbones™, tibia-fibula) was also studied. The cavity 
diameter of the tibia is 12.5mm. The fibula mimicking phantom had no inner cavity. The dis-
tance between bones was ~8 mm [24]. The USCT images of objects were compared with X-
ray computed tomography (X-ray CT) images obtained at the same cross-section levels, with 
an X-ray CT device (Mediso™, Hungary) (Figure 2). 
 
 (A)  
(C) 
 (B) (D) 
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Figure 2: (A) Circular antenna with an internal radius of 150 mm, 8 fixed 1-MHz transducers 
(ImasonicTM), and a multiplexer electronic setup (8x8 channels, 12 bits, sampling 
frequency of 20 MHz) (Mistras-EurosonicTM) (B) The USCT-image of a child fibula. 
The inlaid picture shows the fresh bone sample. In dotted lines, the outer and inner 
boundaries are plotted using a Snake algorithm. (C) X-ray CT, and (D) USCT of a 
Sawbones™ composite bone-mimicking phantom. Details can be found in [24]. 
3.3 Bone quantitative imaging 
The third results are obtained based on the non-linear schemes and quantitative USCT of 
bones. The first non-linear method (frequency-hopping method) was performed with a fresh 
and cleaned lamb shoulder bone, immersed in a water tank. Data acquisition was performed 
using a mechanical scanner, with one 500 kHz-transducer (ImasonicTM) as a transmitter, and 
one hydrophone (ResonTM) as a receiver. The usable bandwidth ranges from approximately 
150 kHz to 750 kHz. The received signals were digitized (14 bits, 20 MHz) using a data ac-
quisition sheet (Spectrum Mi4031). The sector scanned was 360 degrees with both transmitter 
and receiver, with an angular increment of 10 degrees (36 x 36 signals). The compressional 
wave and shear wave velocity in bone were respectively 2700 (± 200) m/s and 1250 (± 200) 
m/s (1476 m/s for the speed of sound in the water tank). Iterations were performed by gradually 
increasing the working frequency with four frequencies chosen within the useful bandwidth: 
150 kHz, 250 kHz, 500 kHz and 750 kHz. Regarding the quantitative aspects, the compres-
sional wave velocity was reconstructed with a relative error of about 30% [17]. 
For the full waveform inversion method, the results are purely numerical. No experimental 
results were obtained yet, but that will be the focus of future work. Figure 3 shows the main 
quantitative (compressional wave velocity and density) reconstruction obtained with a numer-
ical phantom. The phantom has a realistic geometry of a tibia/fibula paired bone, surrounded 
by a water-like medium. The incident signal is a Ricker (second derivative of a Gaussian) 200 
kHz-wavelet, and the virtual array has 8 sources and 128 receivers, with 9 cm of radius [21]. 
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Figure 3: (Top) Experimental quantitative USCT of a lamb shoulder bone using non-linear 
frequency-hopping method. Images and details can be found in [17]. (Bottom) Nu-
merical quantitative USCT of a tibia/fibula paired bone using non-linear full wave-
form inversion method. Images and details can be found in [21]. 
4 Conclusions and future work 
Ultrasonic Computed Tomography (USCT) appears as an alternative imaging tool capable of 
revealing the internal structure of soft tissues (mammography), delineating the shape of bones 
(cortical thickness), and even providing the possibility of parametric estimation (the sound 
speed and density map). In this work, the scope of USCT methods was extended from low 
impedance contrasted media such as soft tissues (the classical domain of USCT) to more con-
trasted domains such as cortical bone structures using non-linear and correction schemes. The 
wave field and associated Green function of the reference background medium were deter-
mined iteratively at the various steps. In future work, we plan to investigate various ways of 
improving these methods. Work is in progress, for instance, on the matrix inversion procedure 
involved in the FWI method and particularly on the regularization process, which is a very 
important aspect of the inversion scheme, especially in the case of high-contrast targets. Opti-
mization, signal and image processing studies on how to handle the heavy experimental data 
are also ongoing (wavelet analysis, blind deconvolution, segmentation, Cramer-Rao bounds) 
[24]–[26]. 
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